An explicit solution of third-order difference equations  by Hussein, H.Attia
ELSEVIER Journal of Computational and Applied Mathematics 54 (1994) 307-311 
JOURNAL OF 
COMPUTATIONAL AND 
APPLIED MATHEMATICS 
An explicit solution of third-order difference equations 
H, Attia Hussein * 
Department of Mathematics, Faculty of Science, Alexandria University, Alexandria, Egypt 
Received 21 September 1992; revised 9 February 1993 
Abstract 
The solutions of homogeneous and nonhomogeneous third-order linear difference equations are obtained. 
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1. Introduction 
The theory of difference equations has become significant for its various applications in 
numerical analysis. Several monographs have been devoted to the theory; however, most of 
them are generally concerned with the methods of solution of particular equations. In [3], 
Popenda has obtained an expression for the solutions of second-order difference equations. 
The present author [1,2] obtained solutions of certain linear difference equations and gave 
necessary and sufficient criteria for the exponential growth of the solution of these equations. 
In this note we obtain an explicit formula for the solutions of homogeneous and nonhomoge- 
neous third-order linear difference equations. Before giving the main results, we shall introduce 
some notation which is needed in the discussion. 
Let N be the set (1, 2, 3,. . . }. The expression Cf::u(i) + cr is the solution of the linear 
difference equation Ay = a(t) with the initial condition Y(1) = C,, for all t EN. Here A is the 
forward difference operator: 
Ay =y(t + 1) -y(t). 
The expression I’l:::b(i)c, is the solution of the linear difference equation 
y(t + 1) = b(t)y(t), for all t EN, 
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with the initial condition y(l) = ci, for all t EN. Here it is assumed that 
fib(l) = 1. 
i=l 
We make the following definitions: 
[ 1 c ai = 1 + k a(i) + flc3a(i) 2 a(i,) + * * * + m&i)m+~+3a(il) a&J, m,n i=m i=m i,=i+3 i=i?? i,=i+3 ik=ik_1+3 
(1.1) 
k = i(n - (m + a)) and m = 3, 4, 5, n is a positive integer and (Y = 1, 2. 
If (Y = 0, the last term in the above relation becomes a(m)a(m + 3)u(m + 6) . . * u(n). 
[ 11 CUi = ;7 ifl<m-aG3, if m -a>4. (1.2) m,ol , 
In case (Y = m, [C,,,ui] = ((1 + u(m)). 
In the present work, we consider a linear difference equation 
L(Y) =f(t>, t fE N, 
where 
L(y} =y(t + 36) -y(t + 26) -u(t)y(t). 
For simplicity and without loss of generality, let 6 = 1. That is, we consider 
Y(t + 3) =y(t + 2) + u(t>y(t> +f(t), 
with initial data 
Y(l) = Cl, Y(2) =c2, Y(3) = c3. 
2. Main results 
Theorem 1. The solution of the difference equation 
Y(t + 3) =y(t + 2) +u(t>y(t>, 
with initial data 
Y(l) = Cl, Y(2) = c2, Y(3) = c3, 
can be represented by the formula 
YCn>= [3;F?ui]c3+ [4z3ui 
where t = n (n integer, n > 5). 
]“Ocl +[ 5z3ui 4+2 7 
(2.1) 
(2.2) 
P-3) 
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Proof. Since 
[~~i]=[m~_~aj]+ll(n)[m~_3ai]i m=3,4,5, 
comparing the relation (2.4) with (2.11, we have that 
are solutions of (2.1). 
Since these solutions are linearly independent, the general solution has the form 
Y(~)=[~~~ui]d,+[~~~~j]dit[i~~~~]d?. 
It is easy to show that 
d, = ~3, 4 = a(l)c,, d, = a(2)+ EI 
Now we will consider 
x(n + 3) = ax(n + 2) + b(n)x(n), a > 0. 
Dividing (2.5) by LP+~, it reduces to 
Y(n + 3) =y(n + 2) + a(n)y(n), 
where 
y(n) = a p”~(n) and a(n) = ue3b(n). 
The solution of (2.5) is 
x(n) = any(n), 
where y(n) is defined in (2.3) and a(n) in (2.6). Consider the difference equation 
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(2.4) 
(2.5) 
(2.6) 
x(n + 3) = &z)x(n + 2) + q2(yl)x(rz). 
After dividing (2.7) by n~==,q,(i>, we have 
Y(n + 3) =y(n + 2) + @)Y@>, 
(2.7) 
where 
and 
u(n) = 
41(n) 
41(n)+ - 1)&r - 2) ’ 
fjql(i) = 1. 
i=o 
(2.8) 
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The solution of (2.7) is 
n-3 
G> = I-& &WY(n), 
where y(n) and a(n) are defined in (2.3) and (2.8) respectively. 
Let us consider the initial problem 
Y@ + 3) =y(n + 2) +a(n>y(n> +f(n), 
Y(i) = ci, i = 1, 2, 3, 
ci, i = 1, 2, 3, are constants, a(n) and f(n) are continuous functions. 
Theorem 2. The solution of (2.9) can be expressed in the form 
y(n) = [ 3;3ai]c3 + [ a~3ai]a(l)cl + [ SE3ai]a(2)c, 
+;fJ+~_~a+f(i)+i(n-5)+1(11-4)+1(”-3). n>7* 
Proof. Since 
[ jznai] = [ i+z_lai] +a(n’[ j+$-Cjai]’ 
(2.9) 
(2.10) 
(2.11) 
(2.12) 
we have 
= nC4 [ C
i=l i+3,n-1 
+f(i) +f(n - 3) 
+a(~~(~~[i+~_3a~]f(i)+/(n-i)+f(n--4)+f(n-3)}. 
(2.13) 
Adding f(n - 2) +f(n - 1) +f(n> termwise to (2.131, we have 
1:: [ ilZnaj]f(i) +fb - 2) +fb - 1) +fW 
= nc4[ 
i=l 
C ai].f(i)+f(n-3)+f(n-2)+f(n--1) 
i+3,n-1 
+ a’ni( I< [ i+3,,_3”] 
C f(i) +f(n - 5) +f(n - 4) +f(n - 3) (2.14) 
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By adding 
[ ,,n~j-~ui]c3’ 
to (2.141, j = 0, 1, the right-hand side of (2.14) becomes 
Y@ + 2) + WY(n) +f(n), 
which is equal to y(n + 3). It follows that (2.11) is a solution of the equation 
y(n + 3) =y(n + 2) + a(n)y(n) +f(n). 0 
Remark. 
@(l)Y(l) +Y(q + c 4 @)Y(2) 
[ 1 4,n - 2 
is a solution of the difference equation 
Y(n + 2) =y(n + 1) + a(n>y(n) +f(n), 
where 
[ Ii cu; = 1 + k u(i) + nc2u(i) 5 a&) 3,n i=3 i=3 i,=i+2 
5 n 
+ --- + c u(i) .-- C$(i,_,) +u,u, .. * a, 
i=3 
if n is odd, 
[ Ii cu; = 1 + 2 u(i) + nc2u(i) 5 up,> 3,n i=3 i=3 i,=i+2 
+ -. . + t u(i) k a(&) * *. 2 $z(i,_,) 
i=3 i,=i+Z 1 
if n is even. 
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